We show that the number of distinct distances in a well-distributed set of n points in R d is Ω(n
Introduction
One of the most famous questions of Erdős in discrete geometry is the following [4] : what is the minimum number of distinct distances determined by n points in R d ? The question was posed in 1946. Today, 57 years later, even the planar case (d = 2) is still open. Improving an result of Clarkson, Edelsbrunner, Gubias, Sharir and Welzl [3] , very recently Aronov, Pach, Sharir, and Tardos [1] showed that the number of distinct distances determined by a set of n points in three-dimensional space is Ω(n 77/141− ), for any > 0. They conjectured that the lower bound should be close to Ω(n 2/3 ) which is the best known upper bound given by the vertices of an n 1/3 × n 1/3 × n 1/3 integer lattice. As the first challenge they posed the problem of proving a better lower bound Ω(n 5/9 ). In this paper we prove a general bound Ω(n 2/d−1/d 2 ) for homogeneous sets in R d , for any d ≥ 2. Homogeneous sets are interesting for at least two reasons. First, the only known point sets providing small distance sets are homogeneous. Second, homogeneous sets play an important role in analysis (see [5] , for instance). Prior to our result, the best bound for homogeneous sets was due to Iosevich, who [5] showed that the number of distinct distances determined by a homogeneous set of n points in R d is Ω(n 3/2d ) for d ≥ 2. On the other hand, Iosevich's definition of homogeneous sets is more restricted than ours.
To conclude, let us discuss the case d = 3. In this case, our general bound Ω(n 2/d−1/d 2 ) gives Ω(n 5/9 ), as desired by Aronov et. al. By additional arguments we are able to improve this bound to Ω(n .5794 ). These additional arguments include a three-dimensional variant of the celebrated Szeerédi-Trotter's theorem on point-line incidences, which might be of independent interest.
The results
We say that a finite set A ⊂ R d is d-dimensional homogeneous if the following two conditions hold:
• A is contained in the interior of C, the cube of volume |A| centered at the origin in R d with edges parallel to the axis.
• Any unit cube in R d contains only O(1) points from A.
Sometimes instead of saying that A is d-dimensional homogeneous, we use an equivalent phrase that A is homogeneous in R d . We denote by Dist (A) the set of different distances between two points in A; we shall use the letter t to denote the cardinality of Dist (A).
The exponent 2/d − 1/d 2 is near best possible, as one can construct a homogenous set where Dist (A) = O(n 2/d ) (e.g., the lattice). The asymptotic notation is used under the assumption that n → ∞; d, the dimension, is a constant.
Theorem 2.2 If
A be a three dimensional homogeneous set of cardinality n, then Dist (A) has cardinality Ω(n .5794 ).
Before presenting the proofs, let us mention that our method also works without the homogeneity assumption. Using this method and some additional arguments we obtained comparable bounds for the number of distinct distances of an arbitrary set in [9] .
The rest of the paper is organized as follows. In the next section, we present the proof of Theorem 2.1. Theorem 2.1 appeared earlier in an extended abstract [10] but the proof presented here is somewhat different and is inspired by the proof for arbitrary sets in [9] . We choose this proof because its arguments are useful for the proof of Theorem 2.2. In Section 4, we derive some interesting facts about three dimensional homogeneous sets which will serve as lemmas in the proof of Theorem 2.2. These facts include a variant of Szemerédi-Trotter's celebrated result concerning point-line incidences. The results in this section could be easily generalized to higher dimensions. Finally, in Section 5, we prove Theorem 2.2.
Proof of Theorem 2.1
Consider a d-dimensional homogeneous set A with cardinality n. By definition, A is a subset of the cube C of volume n. We partition C into r d identical cubes by axis parallel hyperplanes (thus each edge of n is cut into r equal parts), where r is a parameter to be determined. If there is a point of A on the common boundary of adjacent cubes, we assign it to one of these cubes arbitrarily.
We call a pair of points in A small if both points belong to the same small cube. Let N r denote the number of small pairs, our bound will follow from estimates concerning N r .
Let us first give a upper bound on N r . This upper bound is an immediate consequence of the homogeneity assumption. By this assumption, each small cube contains only O(n/r d ) points from A, so
For a lower bound, we shall (and should) involve Dist (A). Let t denote the cardinality of Dist (A); for each point v ∈ A, all points of A\v lie on t spheres centered at v. We denote by S v the set of these spheres and by S the union of S v over v's.
Fix a point v and a sphere S ∈ S v . It is easy to see that there are at most k = Kr d−1 small cubes intersecting S, for a sufficiently large constant K. Let x 1 (S), . . . , x k (S) be the number of points of A contained in these intersections (if there are less than k intersections we just add dummy zeros). The number of small pairs on S is
Summing first over all S ∈ S v and then over all v ∈ A we have
pairs. However, this sum is not yet a lower bound for N r as the same pair may appear on many different spheres. But how many spheres could contain the same pair ? Notice that the centers of these spheres belong to A and lie on the hyperplane dissecting the pair. Thus the multiplicity of a pair is at most the maximum number of points of A on the same hyperplane. But the intersection of any hyperplane with C can be covered by
unit hypercubes; so by the homogeneity the maximum number of points of A on a hyperplane is O(n (d−1)/d ). It follows that
Now we are going to estimate the right hand side of (4). Consider, for a fixed v, the sum
Notice that
so by convexity, we have
Recall that k = Kr d−1 (where K is a constant). By setting r = (n/t) 1/(d−1) for some sufficiently small positive constant , we have that
This and (4) imply that
Now we are ready to conclude the proof. By (6) and (1) we have
which implies, taking into account the setting r = Θ((n/t)
The bound t = Ω(n 2/d−1/d 2 ) follows immediately by a routine calculation.
Properties of homogeneous sets
In this section we derive some properties of three dimensional homogeneous sets. These properties can be generalized easily to higher dimensions.
A Szemerédi-Trotter type bound in three dimension
Let A be a set of points. We call a line k-rich if it contains at least k points of A. An equivalent form of the famous Szemerédi-Trotter theorem [11] is the following: Let A be a set of n points on the plane, then the number of k-rich lines in A is O(n 2 /k 3 + n/k).
We are going to prove a result of this type for three dimensional sets with the additional homogeneity condition.
Lemma 4.1 Let k be a positive integer at least 2. Let A be a homogeneous set of cardinality
It follows trivially that m = O(n 2 /k 4 ).
Corollary 4.2 Let A be a homogeneous set of cardinality n in R 3 and k be a positive integer at least 2. Then the number of k-rich lines in
The bound O(n 2 /k 4 ) is sharp, as shown by the lattice.
Proof of Lemma 4.1. The lemma is trivial if k is a constant, so in the following we assume that k is at least 5. Let us recall that A is a subset of a cube C of volume n. We partition C into k 3 identical cubes, where k = k/5 . It is easy to see that any line intersects at most 2k small cubes. Consider a k-rich line L and let l 1 , . . . , l 2k denote the size of its intersections with the small cubes (if L intersects less than 2k cubes we just set add dummy zeros to have exactly 2k numbers). Since
Now let c 1 , . . . , c k 3 be the number of elements of A in the small cubes. By the homogeity assumption,
Notice that the left hand side of (7) counts the number of pairs (x, y) where both x and y are on the same rich line L and also in the same small cube. The left hand side of (8), on the other hand, counts of the number of pairs (x, y) where both x and y are in the same small cube. This interpretation implies that
where L sums over all k-rich lines. Together (7-9) yield
completing the proof.
We next use Lemma 4.1 to prove that if A is homogeneous and P is a collection of many (pairwise non-parallel) planes, then there should be a plane in P onto which A has a large projection set.
Corollary 4.3 Let
A be a homogeneous set of cardinality n in R 3 and P be a collection of D pairwise non-parallel planes. Then there is a plane P ∈ P such that the orthogonal projection of A on P has min(Ω(D 1/3 n 2/3 ), n/4) elements.
Proof of Corollary 4.3. Let M denotes the maximum cardinality of the projection of A onto a plane in P. We assume that M ≤ n/4. Consider a plane P ∈ P and let A P be the projection of A on P . The lines going through the points in A P and orthogonal to P cover the set A. Since |A P | ≤ M , there are at most M such lines. Among these, the lines which has less than n/2M points together cover at most n/2 points of A. Therefore the (n/2M )-rich lines cover at least n/2 points in A.
Repeating the above argument for every plane in P and putting the rich lines together we obtain a collection {L 1 , . . . , L m } of (n/2M )-rich lines such that
On the other hand, by Lemma 4.1 the left hand side of (10) is O(
(n/2M ) 3 ). (Here we need the condition that M ≤ n/4 as we need n/2M ≥ 2 in order to apply Lemma 4.1.) So it follows that nD = O( n 2 (n/2M ) 3 ), which implies M = Ω(D 1/3 n 2/3 ), completing the proof.
Beck's lemma for homogeneous sets
A well-known theorem of Beck says that if B is a set of s points on the plane, then either B has Ω(s) co-linear points, or there is a point from which one can see another Ω(s) points [2] . The following lemma is a variant of this statement for homogeneous sets in R 3 . This lemma is inspired by Theorem 6 from [8] . The proof is also similar, but instead of using Szemerédi-Trotter's theorem for planar sets, we shall use Lemma 4.1. 
The number of pairs on k-rich lines is at most
It follows that for k = Ks/f 1/2 where K is a sufficiently large constant the number of pairs on k-rich lines is at most f /2. So there must be at least f /2 pairs each of which determines a line that contains less than Ks/f 1/2 points from B.
Generalizations
All results discussed so far in this section generalize (without any essential modification) to d-dimensional homogeneous sets for any d ≥ 3 (they also hold for d = 2 but in this case nothing is new as we have the original Szemerédi-Trotter result for planar sets). 
Lemma 4.5 Let k be a positive integer at least 2. Let A be a homogeneous set of cardinality
5 Proof of Theorem 2.2
The starting point
The starting point of our improvement is the following result which combines Proposition 2.1 from a paper of Pach and Tardos [7] and a more recent result of Katz and Tardos [6] . . Proposition 2.1 from [7] states the lemma with α = 1/e. The better bound α = .3711 is due to a recent result from [6] . (There is an exact formula for α but perhaps it is not so interesting to include more than 4 digital places.) Let P be a plane containing m points of A. Assume furthermore that the projection of A onto P has M points and |Dist (A)| = t. Let v be a point in A. The intersections of the t spheres centered at v with P gives us t circles centered at the projection of v with the following property: each of the m points in P ∩ A should lie on one of these circles. This implies that the number of point-circle incidences is mM . Now we apply Lemma 5.1. This lemma tells us that mM is at most constant times one of the many terms in the bound in Lemma 5.1. In our situation, a simple calculation reveals that the term which really matters is m 4/7 M 6/7 t 5−α/7 (we omit this calculation as it does not contain any essential idea but let us point out that this calculation should be carried out at the very end of the proof in Section 4.3). So we have
which yields
The main part of the proof is to obtain a good lower bound for m and M . This will be done in the next subsection.
Many planes
We shall use results from Section 3 to prove the existence of a large set of pairwise nonparallel plans each of which contains many points from A. We start as in the proof of Theorem 2.1 by partitioning C into r 3 identical cubes and considering the collection S of nt spheres centered at the points of A. Each point v in A is the center of t spheres and we denote the set of these spheres by S v .
Let us fix a small cube C ; we connect two points x and y in A ∩ C and write x ∼ y if there is a sphere in S containing both x and y. Furthermore, we denote by m xy the number of points of A on the plane dissecting the segment connecting x and y (in other words, m xy is the number of elements in A with equal distance to x and y). Now we consider the sum
This sum N counts the number of ordered quadruples (x, y, C , S) where x, y are points in A, C is a small cube and S is a sphere in S such that both x and y belong to C ∩ S. We next count N a different way by first fixing S and then fixing C
By setting r = ( n t ) 1/2 for an appropriate constant and repeating the convexity argument in Section 3 we have that
for every v ∈ A. It thus follows that
So we have
Since there are r 3 small cubes, there should be one, say C 1 , where
It is convenient if the number m xy 's are roughly the same. We can actually assume this at a cost of a logarithmic term, using the standard diadic partition argument. For any 0 ≤ i ≤ log 2 n, we write x ∼ i y if x ∼ y and 2 i ≤ m xy < 2 i+1 . There should be some i, say i 1 , such that
Set m = 2 i 1 ; all m xy 's in the above sum are at least m, so
The left hand side of (18) count the number of ordered pairs (x, y) where x ∼ i 1 y. It is now more convenient to work with non-ordered pairs, so let us denote by f the number of non-ordered pairs (x, y) where x ∼ i 1 y. We have
Let us pause for a moment and derive a bound for m. By homogeneity, the number of points in C 1 is s = O(n/r 3 ). So the total number of pairs of points in C 1 is O(s 2 ) = O(n 2 /r 6 ).
Since f is upper bounded by this number, it follows that m =Ω(r 3 ). 
pairwise non-parallel planes each of which contains at least m points from A, where (by (19)) m =Ω(r 3 ) and r = Θ((n/t) 1/2 ).
Putting things together
By (13) Finally, using r = Θ((n/t) 1/2 ) we obtain t 5−α =Ω(n(n/t) 4 ), which is equivalent to t 5−α+4 =Ω(n 5 ).
This last estimate implies that t =Ω(n 
